We describe an asymptotic model for long large-amplitude internal solitary waves with a trapped core, propagating in a narrow layer of nearly uniformly stratified fluid embedded in an infinitely deep homogeneous fluid. We consider the case of a mode one asymmetric wave with an amplitude slightly greater than the critical amplitude, for which there is incipient over-turning, that is wave-breaking. We then incorporate a vortex core located near the point at which this incipient breaking occurs. The effect of the vortex core is to introduce into the governing equation for the wave amplitude an extra nonlinear term proportional to the 3/2 power of the difference between the wave amplitude and the critical amplitude. Thus the derived new equation for the wave amplitude incorporates both the nonlinearity arising due to the flow over the recirculation core, and the nonlinearity associated with the ambient stratification; the dispersion term however remains of the Benjamin-Ono type. We find that as the wave amplitude increases above the critical amplitude, the wave broadens, which is in marked contrast to the case of small amplitude waves where a sharpening of the wave crest normally occurs. The limiting form of the broadening wave is "a deep fluid bore". The wave speed is found to depend nonlinearly on the wave amplitude and the traditional linear dependence underestimates this speed.
Introduction
Solitary waves of permanent form propagating in a stratified fluid owe their existence to a balance between nonlinear wave steepening and linear wave dispersion. Recent reviews of these internal solitary waves in an oceanic context have been given by [1] and [2] . For waves of small but finite amplitude the nonlinearity is usually quadratic, and the coefficient in front of this quadratic term is determined by the specific profile of the stratification. Higher order expansions in the wave amplitude may account for higher-order nonlinearities [3] , however, such an approach is limited to waves that do not overturn. Overturning occurs at a certain finite critical wave amplitude at which the horizontal velocity approaches zero in a frame of reference moving with the wave, that is, a local critical point appears inside the flow. Above this critical amplitude the critical point evolves into a vortex core that moves with the wave. In this paper we describe a model for long large-amplitude internal solitary waves with a vortex core, propagating in a narrow layer of nearly uniformly stratified fluid embedded in an infinitely deep homogeneous fluid. This study is an extension of the previous analytical work by [4] and [5] dealing with finite-amplitude waves in a similar geometry, but without any incipient overturning. A key observation that enables us to deal analytically with finite-amplitude waves is that, for the case of nearly uniform stratification in the layer, the nonlinearity is weak even if the wave amplitude is large. In fact, all non-overturning waves in the uniformly stratified environment are linear in the Boussinesq approximation. Thus the asymptotic procedure that uses an expansion parameter characterizing the deviation of stratification from the uniform profile does not require smallness of the wave amplitude. For waves with amplitudes slightly exceeding the critical amplitude, a further theoretical advance is possible. The shallow fluid case was studied in [6] and [7] .
In this paper, we present a theoretical description of waves with a trapped core, propagating in a stratified layer embedded in deep fluid. The paper is organized as follows. In Section 2 we formulate the equations of motion and identify the relevant parameters. In Section 3 we present the derivation of an asymptotic long-wave equation describing a large amplitude steady wave with a small trapped core. Then we present numerical solutions of the derived equation for a particular profile of the stratification. In Sec 4 some concluding remarks will be given.
Formulation
Let us consider the two-dimensional steady motion of an ideal fluid. It is well known that in such system the density is constant along a streamline, and the vorticity equation yields a single equation for the streamfunction ( [8] ),
where the z-axis is vertical upwards, the x-axis is horizontal, and ψ is the streamfunction defined so that u = −ψ z and v = ψ x , where u and v are the horizontal and vertical velocity components, respectively, and ρ denotes the density. Subscripts here denote differentiation with respect to the appropriate variable. The functional forms of ρ(ψ) and G(ψ) are to be determined from the upstream conditions for those streamlines which originate upstream.
Inside the vortex core, which is a zone with closed streamlines, the functions ρ(ψ) and G(ψ) will be determined in the sequel. Assuming that far upstream
we can determine that
We consider the problem where a layer of stratified fluid is embedded between two infinitely deep homogeneous layers. It is convenient to introduce dimensionless (primed) variables by writing
where d is the undisturbed thickness of the stratified layer. From now on we will operate with dimensionless variables and omit the prime superscript for simplicity. Further we assume that ambient stratification is weak, and only slightly deviates from a linear profile,
Here σ << 1 is the governing small parameter, and θ << 1 is another small parameter whose size will be determined in the sequel. Thus the vorticity equation (2) becomes
where λ = σgd 2c 2 ∼ 1 .
Outside the stratified layer, the fluid is assumed to be homogeneous, so that
where ψ + and ψ − denote the streamfunction in the upper and the lower half planes respectively, and η + and η − are the upper and the lower boundaries of the stratified layer.
Assuming that the density is continuous across the boundaries of the stratified layer and that the waves are long compared with its thickness, the kinematic and dynamic boundary conditions at the boundaries of the stratified layer are the continuity of ψ and ψ z across these boundaries. Indeed, the boundaries z = η ± are streamlines, on which ψ = ±1 respectively. At infinity (as x → ±∞), η ± → ±1, and ψ → z.
If there is no recirculation zone inside the stratified layer, the set (7), (9), (10), and the boundary conditions provide a well-posed formulation of the problem. In this case the solutions must satisfy the condition that all streamlines originate upstream, which is the case when ψ z > 0 everywhere. This means that the horizontal velocity in the frame of reference moving with the wave is negative everywhere. It also ensures that stratification remains statically stable. This problem was solved by [4] and [5] . Here we consider the case when the afore-mentioned condition is violated, which we refer to as wave breaking. The critical condition, ψ z = 0, defines a critical wave amplitude and for waves with amplitudes greater than this critical amplitude, there is a vortex core containing recirculating fluid inside the stratified layer. Outside the recirculation zone, the flow is defined by (7), (9), (10) , the boundary conditions at infinity, and also by the conditions of continuity of ψ and ψ z on the boundaries η R± of the recirculation zone. These simplified matching conditions are valid for the long-wave limit considered here. Inside the recirculation zone we assume that the fluid has a constant density equal to that on the recirculation zone boundary, which is a streamline. Thus inside the recirculation zone
where H(ψ) is yet to be determined. The region where there is a recirculation zone is referred to as the inner zone, and the remaining region is then referred to as the outer zone.
Derivation of the amplitude equation
We seek solitary wave solutions whose width is much greater than the thickness of the stratified layer. Hence we introduce the small parameter ε and let
be the new horizontal variable. Inside the stratified layer we then seek a solution in the form of the asymptotic expansions
Outside the stratified layer there are no physical grounds to assume that the vertical scale is much smaller than the horizontal one, so we introduce stretched vertical coordinates,
Then we seek solutions of the governing equations outside the stratified layer in the following form,
The solution of (17), (18), (19), (20) with a Dirichlet boundary condition can be found in the form,
where A ± (X) = φ ± (X, 0). In the vicinity of the stratified layer,we find from (21) that
Inside the stratified layer, we must solve (7). together with the boundary conditions at z = η ± , which are that ψ = ±1 on these boundaries and that ψ z is continuous there. At the leading order, we see from (22) that ψ
± . Hence, we find that at the lowest order, A ± (X) = A(X) and that
where n = 1, 2, 3, · · · is an integer. Here A(X) will be determined from the solvability condition for the first order equations. We will consider only the fastest wave n = 1, as the higher modes can be treated similarly. Interaction between the modes is beyond the scope of the present study.
At the first order we obtain
where
The expression for F (1) indicates that σ and θ should both scale with ε (see below). Equation (25) needs to be solved along with the matching conditions on the boundaries of the stratified layer. It is straightforward to show that
Using (27) the solvability condition for the first order equation can be found by multiplying (25) by A(X)π sin(π(z + A(X))) − cos(π(z + A(X))) and integrating over the stratified layer, to get
and
Equation (28) is a generalization of the well-known Benjamin-Ono equation ( [9] , [10] ) derived in [4] , [5] . The critical condition that ψ z = 0, when applied to the leading order term (23), shows that incipient overturning for a wave of depression (elevation) is reached at z = −1/2 − 1/π (z = 1/2 + 1/π) when the amplitude is A * = 1/π (A * = −1/π). Note that the critical point is located inside the stratified layer, and that the notation wave of elevation, or depression, applies to the behavior of the boundaries of the stratified layer, while some streamlines inside the layer may behave in the opposite manner compared to the boundaries of the stratified layer. Equation (28) holds in the whole stratified layer provided that |A| < |A * | everywhere, when there is no recirculation zone. It also holds when there is a recirculation zone, but is then confined to the outer region where |A| < |A * |. But in this case it must be matched to an appropriate solution in the inner zone, which incorporates a recirculation core. This matching will now be described below. We suppose that the recirculation zone occupies the region η R− < z < η R+ , and then define the inner zone as the region where η R± = 0. Then, for the wave of depression (A > 0) we will show that
We assume that the recirculation core has a long length scale and a small vertical extent, both when compared to the thickness of the stratified layer, so that we may put
We further suppose that the wave amplitude A(ξ) in the inner zone is close to the critical amplitude A * = 1/π,
The relationship between δ, β, µ and ε will be determined later. Outside the recirculation core we again seek a solution in the form (13), but now with the slow variable ξ. The zeroth order solution (23) and the first order equation (25) and the boundary conditions all still hold but now F (1) = F (1) (A * , z) and matching of the solutions inside and outside the recirculation zone needs to be done. The compatibility condition can be obtained similarly to (28) but the integration is from η 
The Hilbert integral in (34) comprises three parts, an integration over the inner zone and integrations over the outer zone upstream and downstream of the inner zone. The integral over the inner zone should be of the same order (in the asymptotic sense). This leads to the relation
Next we turn to the recirculation core boundary conditions, in order to calculate the undetermined terms on the left-hand side of (34). Our key physical assumption is that the flow is stagnant inside the core, at least at the leading order. The reason for this is described later, when the relationship between the various small parameters is defined. For a stagnant core, the incipient overturning condition must hold along the core boundary, that is, ψ z (η R± ) = 0, which leads to
We see now that we should impose the balance µ = δ 2 . It is now clear that the recirculation zone is symmetric, confirming the form of (31). The kinematic boundary condition across the border of the stagnant zone yields
Using (36), (37), (34) in the inner zone and (28) in the outer zone, we now can obtain the amplitude equation which is valid in the whole domain,
The requirement that all terms on the right-hand side of (38) are of the same order leads to the scaling
We have assumed that the flow inside the recirculation zone is stagnant in the frame of reference moving with the wave. This can be justified in the following way. First we argue that the vorticity inside the recirculation zone and at the vortex core boundary should be of the same order with respect to the governing small parameter. Next we recall that the fluid density inside the core is constant, and equal to the density at its boundary. Then it is readily shown that just outside the core the vorticity is O(δ). Thus inside the core we replace (11) with
This equation is to be solved with the boundary conditions that require continuity of ψ and ψ z across the boundaries of the core. Thus, in particular,
Let us rescale the sreamfunction and the vertical coordinate inside the core as follows
Using (42),(39) and (43) we rewrite (40) as
where Ω = H(0) is a constant. The solution of (44) and (45) is
It now follows that Φ Z (ξ, ±f ) = ±δ 2 Ωf and this can only be matched with ψ z (η R± ) = O(ε) from the inner flow if Ω = 0; thus from (46) we see that the flow inside the core is indeed stagnant at the leading order.
Analysis of the amplitude equation
Now we turn to the analysis of the amplitude equation (38). It is interesting to note that the nonlinearity (A − A * ) 3/2 arising due to the flow over the stagnant core does not depend on the details of stratification. Solutions of the equation (38) can be found numerically, and the results of our calculations are presented below. Here, for simplicity, we present results for only one particular case
in the expression for the undisturbed stratification (6) . In this case, the nonlinearity due to the effects of stratification reduces to just σ ε
Thus when |A| < |A * | the wave amplitude obeys the standard Benjamin-Ono equation with quadratic nonlinearity [9] , [10] . Solitary wave solutions of that equation are the wellknown algebraic solitons. However we recall that here the wave amplitude is not small and for the stratification (47) the Benjamin-Ono equation is valid up to the incipient breaking point at A = A * . For this special case (47) an internal solitary wave propagating inside the stratified layer leads to a local depression of its boundaries. In Fig.1 we show the streamline structure for a wave with a recirculation core for A max = 1.01584A * . A zone with closed streamlines is clearly seen inside the stratified layer.
In Fig.2 we show the width of the recirculation zone as a function of the normalized wave amplitude A/A * . The width of the wave at the crest increases as the wave amplitude increases. However, there is a maximum possible amplitude at which the wave width becomes infinite, that is, the solitary wave turns into a bore. This maximum amplitude is quite close to the critical amplitude A * thus confirming our theoretical assumption (33).
Concerning the wave speed the functional form of (38) indicates that its dependence on the amplitude is nonlinear which is in contrast to the linear dependence for the standard Benjamin-Ono equation. The formula for the wave speed is
In Fig. 3 we show λ (1) as a function of the normalized wave amplitude A/A * . It is seen that the traditional linear dependence underestimates the wave speed; a similar result was analytically predicted in [3] for the mode one (according to the terminology of [3] ) internal wave propagating in a narrow stratified layer confined within a deep fluid.
In Fig.4 we show the streamline pattern in the entire stratified layer for A max = 1.01584A * . The upper plot corresponds to calculations based on the presented model, while the lower plot shows the predictions of the traditional Benjamin-Ono model for a wave with the same amplitude. It is readily seen that the Benjamin-Ono model is unable to predict the structure of the large amplitude wave with a trapped core.
Although the linear dispersive term on the left-hand side of the amplitude equation (38) is a nonlocal Hilbert integral, the rate of decay of the wave as X → ±∞ can be determined locally by balancing the linear terms in the far-field. For this purpose, we represent the left-hand side of (38) in terms of the Fourier transform of A as follows 
We can now evaluate the right-hand side of (50) as X → ±∞ by the standard method of integrating by parts. The outcome is
Here we have used the symmetry of A(X) = A(−X). Substitution into (38) now gives
But note that as the wave amplitude aproaches the maximum amplitude, the region where this 1/X 2 asymptotic behaviour is valid will move further away from the wave crest as the wave broadens.
Conclusion
We have presented a model for internal solitary waves propagating in a thin stratified layer embedded in an infinite fluid of constant density. The stratification is assumed to be weak and nearly uniform. The main result is that a new equation for the wave amplitude is derived which accounts for waves with amplitudes beyond the critical amplitude at which the incipient overturning occurs, and a vortex core appears inside the wave. The effect of the vortex core is to introduce into the amplitude equation an extra nonlinear term proportional to the 3/2 power of the difference between the wave amplitude and the critical amplitude. Thus the derived equation incorporates the nonlinearity arising due to the flow over the recirculation core, and the nonlinearity associated with the ambient stratification; the dispersion term, however, remains of the Benjamin-Ono integral type. We note that the form of the extra term does not depend on the details of the stratification. We find that as wave amplitude increases above the critical amplitude, the wave broadens, which is in marked contrast to the case of small amplitude waves where sharpening of the wave crest normally occurs. A similar effect was recently reported in the numerical calculations of [11] although for a different flow geometry. Further, the wave speed is found to depend nonlinearly on the wave amplitude. and the traditional linear dependence underestimates this speed. The limiting form of the broadening wave is a deep fluid bore.
